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Abstract. The main result of the present paper is a coincidence formula for 
foliated manifolds. To prove this we establish Kiinneth formula, Poincare dual- 
ity and intersection product in the context of tangential de Rham cohomology 
and homology of tangential currents. 

We apply the formula to get a dynamical Lefschetz formula for foliated 
flows. 



1. Introduction 

1.1. Consider the category of foliated manifolds with foliated maps. A foliated 
manifold M is a smooth, i.e. C°°, manifold without boundary together with a 
decomposition into connected subsets, called leaves, which is locally trivial. Here 
local triviality means that each point of M has an open neighborhood U which is 
diffeomorphic to a Euclidean vector space V such that the induced partition on U 
corresponds to the partition of V into the cosets of a vector subspace W of V. The 
quotient V/W is called a local transversal manifold. A foliated map is a smooth 
map such that leaves are mapped to leaves. 

Denote by T the covariant tangent functor. Attach to a foliated manifold M 
the tangential subbundle TM of TM consisting of vectors which are tangent to 
the leaves. Since the derivative of a foliated map induces a map of tangential 
subbundles we get a functor T. Passing to quotients brings the functor Q = T / T. 
For a foliated manifold M the vector bundle QM is the transversal bundle of M. 

Let M be a foliated manifold. A transversal Riemannian metric on M is a 
Riemannian metric in QM which is locally the pull back of a metric on the local 
transversal manifold. Next identify TM — TM © QM by a splitting. Then a 
bundle-like metric on M is a Riemannian metric in TM which is the direct sum of 
a Riemannian metric in TM and a transversal Riemannian metric on M. 

Mimic the proceeding in the classical de Rham theory with the whole tangent 
bundle replaced by the tangential subbundle to attain to the contravariant functors 
fijr and fij- c , the tangential differential forms (with compact support). These 
are functors to nuclear graded differential M-vector spaces. The corresponding 
cohomology functors Hp and Hp c are the tangential cohomology and the tangential 
cohomology with compact support. 

Equip the topological dual E 1 of a topological vector space E with the weak 
topology. Applying the functor continuous linear forms to tangential differential 
forms define tangential currents with compact support Similarly, there are 

the tangential currents VL^ dual to the tangential differential forms with compact 
support. In this way, find the covariant functors and H^, the tangential 

homology (with compact support). 
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The differentials just introduced are not topological homomorphisms in general. 
Consequently, it is reasonable to consider the maximal Hausdorff quotients of tan- 
gential (co)homology (with compact support). This reduction preserves the functo- 
rial properties. The resulting functors are denoted by H^r, c , and and 
are called reduced tangential (co)homology (with compact support). In particular, 
get a canonical topological isomorphism 

for each foliated manifold M. 

Let M be a foliated manifold. Then the zeroth reduced tangential cohomology 
of M (with compact support) consists of those smooth functions (with compact 
support) which are constant along the leaves. Now let M carry a transversal Ric- 
mannian metric and assume that the tangential subbundle of M is oriented. Let 
the leaves of M have dimension p. Then a non trivial reduced homology class is 
defined by integration of tangential p-forms against the transversal volume volg 
induced by the metric. This is denoted by J M — volg. 

Now we present the main results of this paper in the setting of the motivating 
application. In this context our coincidence formula is called a dynamical Lefschetz 
formula. 

1.2. Let the real line M be foliated by points and equipped with the standard 
metric and orientation. Let M be a compact connected foliated manifold with a 
bundle-like metric and oriented tangential subbundle. Let p be the dimension of 
the leaves of M. 

Denote by — <E> — the complete tensor product of nuclear vector spaces. Then we 
have a Kunneth theorem, cf. Sectional 

Theorem 1.1. The canonical maps 

C°° (R >0 ) ®H*jr{M) -> -ff>(M> x M) 

and 

C c °°(K>o) ®{H p r K {M)®H^{M)) #£ )C (K>o x M x M) 

K 

are topological isomorphisms. 

The first statement is similar to a classical result concerning smooth functions 
with values in a nuclear Frechet space. The proof of the second involves a tangen- 
tial Hodge decomposition established by Alvarez Lopez and Kordyukov 1 , Corol- 
lary 1.3]. 

Special cases of Poincare duality take the following shape in this context, cf. The- 
orem ED 

Theorem 1.2. The maps 

H p r *{M) -» HUM)', 

U) I — ^ / LO A — volg, 
J M 

and the similar map 

H^(R >0 x M x M) -> H p r c (M >0 x M x M)' 
are injective and have dense image. 
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For finite dimensional Hjr(M) the first map is an isomorphism. Here the approxi- 
mation is done by generalizing the convolution of a distribution with a regularizing 
sequence of smooth functions. More precisely, for the second result we define a 
sequence of maps 

R v : jj* iC (R >0 x M x M)' -> H^(R >0 x M x M), 

such that J R x mxm A — volg converges to S for each continuous linear form 
S G Hj )C (R>o x M x M)'. 

1.3. Let 

/ : R >0 x M -» M 

be a foliated map. Then the graph of / is a foliated submanifold of R>o x M x M 
which is isomorphic to R>o x M . Moreover, the Kiinneth theorem allows to define 
a reduced tangential homology class [/] G Hp(R >0 x M x M) by the requirement 
that 

<[/],w®r) = / w A/*t vol s 

JR >0 xM 

for w G iJ*^" K (R> x M), t G H t,K (M) and < « < p. 
In particular, let now 

: R X M -> M, 
(t,a) i-f ^*(o) 

be a global foliated flow on M with generated vector field X and let 

7T : R >0 x M -> M 

be the projection. 

Suppose that the graphs r of cf> and A of it intersect foliatedly transversally, i.e. 

7{t,a,a)T + T(t,a,a)& = %a,a) («>0 X M X M), 
•F(t,a,a)r + J 7 (t,«,«)A = .F (t , a , a) (R>o x M x M) 

for all (t, a) G R>o x M with </>*(a) = a. Then the intersection T (~l A is either 
empty or a one dimensional submanifold of R>o X M x M which is transversal to 
the leaves. It consists of components 

M >0 x {a} x {a}, 

where a is a fixed point of 0, and 

H(7)}x{(^W^M l*eR}, 

z/ = 1,2..., where 7 is a periodic orbit with least positive period £(7) and 6 7 G 7 
is arbitrary. For each 7 and v the derivative of induces an endomorphism 

Q b ,^ lh) ■■ Q6 7 M/R-X b7 -> Qb 7 M/R • ~Xb-, ■ 

If we let pr : R >0 x M x M — > M>o be the projection then from Example 19.41 we 
get 

Theorem 1.3. The intersection product 

[</>]•[*] := lim ([<(,], R„[tt] A -) 
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is defined as a continuous linear form on Hjr c (R>o x M x M). Its push forward 
P r * ([ ( t > ] • I 71 "]) * s a distribution on M>o which is a sum of local contributions coming 
from the fixed points and the periodic orbits of <j). Explicitly, 

(1) pr,([0 • [tt]) =5^Bgndet(id-^ t -) / , ,. 1 - • - dt 
„ Jr >0 |det(id-Q a 0*)| 

OO - 

+ E '(7) E «•<'-<* -^^ lw ) | det(id - a ^, W )| - 5 -<* 
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where t a > is arbitrary and S to is the Dirac distribution in to . 

The main step in the proof of this theorem is a direct computation of the ap- 
proximately defined intersection product. 

1.4. Again let be a global foliated flow on M with generated vector field X and let 
7r and pr be the projections as above. Instead of a transversality condition assume 
now that the reduced tangential cohomology H^(M) of M is finite dimensional. 
Then the Lefschetz number 

L(^) := ]T(-ir Tr(0<* : JZ£(M) - H£(M)) 

K 

is defined for each t. By the Kimneth formula defines a smooth function 

on R>o- In this situation, cf. Section ITHl one has 

Theorem 1.4. The intersection product [0] • [tt] is defined. Its push forward 
P r *([0] • M) * s ^ e distribution on R>o which is associated with the function L(<f>). 

To prove this result, besides the Kimneth theorem, the Poincare duality isomor- 
phism for M is the essential tool. 

Now suppose in addition that the graphs of <f> and tt intersect foliatedly transver- 
sally. Then we can combine the Theorems 11.31 and 11.41 to get our version of the 
dynamical Lefschetz formula. 

Corollary 1.5. For each t > we have 



L(^) = ^sgndet(id-^) 1 

^ |det(id-Q a <j 



?(7)sgndet(id-^ fcT t ) 1 
t/iWez |det(id-Q b 



1.5. If M is foliated by points a formula of Guillemin and Sternberg |12l Chap- 
ter VI, p. 311] may be read as a dynamical Lefschetz formula. Here the trace of <j>* 
is defined by a certain pull back process for distributions. 

If M is connected, oriented and foliated as one leaf then Hp{M) = H*(M) is 
finite dimensional. By the homotopy property of de Rham cohomology L(<f>) is con- 
stant and equal to the Euler characteristic of M. Assume transversal intersection 
of the graphs in the classical sense. Then the zeroes of X are non degenerate and 
the Hopf index formula can be interpreted as a dynamical Lefschetz formula. 

Apart from these all results on dynamical Lefschetz formulas are concerned with 
fixed point free flows. 
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For arbitrary leaf dimension the right hand side of Equation JJJ appears if the 
formula of Guillcmin and Sternberg is applied to the exterior bundle of the dual 
of TM. With varying generality, this is written up by Guillemin Deninger \J\ 
and Deninger, Singhof |8]. The crucial point now is to find conditions which justify 
to pass from the alternating sum of traces on tangential forms to the alternating 
sum of traces on tangential cohomology. 

Several examples where this passage is possible for foliated manifolds with leaves 
of codimension one are given in the literature: Guillemin jl 1| considers the Selberg 
trace formula. Alvarez Lopez, Kordyukov P], Deninger, Singhof 8] and Lazarov [Tl) 
prove dynamical Lefschetz formulas for foliated manifolds with a bundle- like metric. 

A dynamical Lefschetz formula does not necessarily hold for foliated manifolds 
which do not admit a transversal Ricmannian metric. A counterexample is given 
by Deninger and Singhof in . 

The significance of dynamical Lefschetz formulas in a wider context is discussed 
by Deninger |SJ|B] and Juhl [TS| . 

Acknowledgment. I thank Prof. Dr. C. Deninger who motivated this work and 
supported its completion. 

2. Foliated Submanifolds and Transversality 

Let M be a foliated manifold. For convenience we write M p,q to indicate that the 
leaves of M have dimension p and the local transversal manifolds have dimension q. 
The pair (p, q) is called the foliated dimension of M . 

Definition 2.1. A subset S C M p ' q is a foliated submanifold of M if for every 
a G S there is a foliated chart 

<j) : U -> U' X V' 
around a with U' C W x W- r and F'Cl s x R«- s , such that 

<j){S nu) = (V n (R r x {0})) x (V n (K s x {o})). 

The notion foliated codimension will be used with the obvious meaning. 

Example 2.2. Let / : M — > be a foliated map. Then the graph of / is a 
closed foliated submanifold of M x N, which is isomorphic to M. 

Definition 2.3. Let / : M — * N be a foliated map and let S C N be a foliated 
submanifold. The map / is foliatedly transversal over S if 

TJ(T a M) + T m S = T f(a) N, T a f{T a M) + T f[a) S = T f{a) N 

for all a G 

Carrying out the obvious modifications in the proof for the smooth case we have 
the following result concerning transversality. 

Proposition 2.4. Let the foliated map f : M — > N be foliatedly transversal over 
the foliated submanifold S C N of foliated codimension (t,u). If f^ 1 (S) ^ 0, then 

f-\S) C M 



is a foliated submanifold of foliated codimension (t,u). 



□ 
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3. Foliated Riemannian Connections 

A foliated fiber bundle is a fiber bundle in the category of foliated manifolds. 
We call a foliated fiber bundle transversal if the typical fiber is foliated by points. 
Let M be a foliated manifold with foliated tangent bundle 

7T : TM -» M. 

Suppose that M is equipped with a bundle-like metric denoted by (— , — ) and 
identify TM with the Whitney sum TM _L QM. Then a smooth vector field X 
decomposes uniquely as 

X = Xjr + Xq, 

where X F , Xq resp., is a smooth section of TM, QM resp. Moreover, if X is 
foliated the same is true for Xq. 

Let a S M be a point and let Y be a foliated vector field on a neighborhood U 
of a. For smooth vector fields X and Z on U write 

(v x y, z) : =i (x<y F , z F ) + y f (z Fi x) - z f (y f , x) 

(2) + (X, [Z F , Y F ]} + (Y F , [Z F , X]) - (Z F , [Y>, X}) 

+ Xq(Yq,Zq)+Yq(Zq,Xq) - Zq(Yq,Xq) 

+ (Xq,[Zq,Yq}} + (Yq,[Zq,Xq}) - (Zq,[Yq,Xq})). 

Then the assignment (X, Z) i— > (Vjc Y", Z) defines a tensor field of type (0, 2) on 17. 
This fact allows the following 

Definition 3.1. Let X be a smooth vector field on U. Then the foliated covariant 
derivative of Y in the direction of X is the unique vector field Vx Y satisfying 
equation @ for all vector fields Z on U. If £ is a tangent vector at a then the 
foliated covariant derivative V^Y of Y at a in the direction of £ is the value at a 
of VxF, where X is any vector field with X a = £. 

For a vector space V and v S V let 

r u : r„y -> y 

be the canonical identification. If now £ is a tangent vector at a then the vector 

C&Y) :=T a Y(Q-T^(VsY) 
in Ty a TM depends only on the value of Y at a. More precisely we get 
Proposition 3.2. The map 

C : TM 8 TM -> TTM 

where Y is any local foliated vector field taking the value z, is a foliated linear 
connection on M . □ 

Definition 3.3. The foliated linear connection of Proposition 13.21 is the foliated 
Riemannian connection associated to the bundle- like metric on M. 

The main property of the foliated Riemannian connection is that its parallel 
transport preserves the metric. 

Proposition 3.4. Let 7 : / — > M be a path. If Pi and are parallel transports 
along 7 relative to the foliated Riemannian connection then -4(/?i(t), 02(t)) =0. □ 
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Corresponding to the foliated Ricmannian connection on M there is the expo- 
nential map of its geodesic spray. This is a foliated map 

exp : G -> M, 

which is defined on an open neighborhood G of the zero section in TM. 

4. Foliated Homomorphisms 

Let E — > M and F — > N be transversal vector bundles and denote by F* the 
vector bundle dual to F. A foliated homomorphism (f,p) : E — * F consists of a 
foliated map / : M — ► N and a global foliated section p of f*F* <x> E. A foliated 
homomorphism (/, p) is called proper if / is proper. 

Example 4.1. Let M be a foliated manifold with a bundle-like metric and let 
E — > M be a transversal vector bundle with a foliated linear connection 

C : TM (BE -» T£. 

Let £ € ^ be a point in the domain of the exponential map. Then for each vector 
z G _E cxp (£) there exists a unique parallel transport /3^ iZ along exp(i • £) with respect 
to C satisfying /3^ )Z (1) = z. Examining the homogeneous linear differential equation 
for the parallel transport in local coordinates we reveal that the maps 

fit together to define a foliated section of exp* E* ®tt* E\g/. Hence we get a foliated 
homomorphism 

(exp,P) : ir*E\ ff -» B. 

Example 4.2. Let pr : R x M — > M be the projection, where the real line is 
foliated by points. A global foliated flow on E is a foliated homomorphism 

(<M : W *E^E, 

where is a foliated flow on M and, with the obvious notation, p satisfies 

for all s,i£l and a G M. 

5. Tangential (Co)homology 

Let M p ' 9 be a foliated manifold and let E — > M be a transversal vector bundle 
of rank s. The tangential (differential) /c-forms Q^-(M, on M with values in E 
are the smooth sections of /\ k TM* ® S equipped with the C°°-topology. The 
tangential dc Rham complex of M with values in E consists of the direct sum 

n>(M, := Q k jr(M, E) 

k>0 

together with the tangential exterior differentiation djr, which is defined locally as 
follows. Let x 1 , . . . ,y q be foliated coordinates, let d^x % be the tangential 1-form 
which is dual to -J~ and let <7i, . . . , a s be a foliated frame for E. Then 

i=l 
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for a smooth function / and 

djru := djra-'j A dp-x 1 ® (Jj 
1,3 

for a tangential form ui = ^ 7 . a\ dpx 1 ® Uj. 

Let F — > M be a second transversal vector bundle. If a; £ fi^Af, £7) and 
t £ r2^-(M, F) are given then there is the equality 

djr{uj At) = (druj) At + (-l) fe w A (d^r) 

of tangential forms with values in E ® F. 

For each compact subset K C M we denote by f^(M, £> if) the closed vector 
subspace consisting of tangential fc-forms with support contained in K . The space 
fi^r C (M, E) of all tangential fc-forms with compact support carries its LF-topology. 
Define the pull back of a tangential form in the obvious way to get contravariant 
functors f2Jr and fijr c from transversal vector bundles with (proper) foliated homo- 
morphisms to nuclear graded differential R- vector spaces. The cohomology functors 
H*jr and H^- c from transversal vector bundles to topological graded R- vector spaces 
corresponding to tangential differential forms are the tangential cohomology and 
the tangential cohomology with compact support. 

Let the real line R be foliated as one leaf and let pr M : M x R — > M be the 
projection. Then we have the Poincare lemma for tangential cohomology, cf. |10j . 
i.e. pi'* M defines an isomorphism 

Hf{M, E) = H* r {M x R, pr^f E). 

This implies that tangential cohomology is invariant under certain homotopics 
which we call tangential. 

Let 7r : V — * M be a foliated vector bundle of rank r the typical fiber of which 
is foliated as one leaf. A tangential form u> £ £lj?(V) has compact support in the 
vertical direction if for each compact K C M the set Suppw n 7r~ 1 (i4T) is compact. 
The resulting subcomplex is denoted by Q.*-p CV (V), the cohomology CV (V) of this 
complex is the tangential cohomology of V with compact support in the vertical 
direction. Assume that V is oriented. Then integration along the fiber 7r„ induces 
the Thorn isomorphism, cf. |15) . 

The cohomology class ^(V) := k^ 1 ^) in Hp CV (V) is the tangential Thorn class 
of V . Now fix a Riemannian metric in V. Then for e > there exists a representa- 
tive of the tangential Thorn class with support contained in 

V(e) :={veV\ \\v\\ < e}. 

A tangential _E-current of dimension fc on M is a continuous linear form on 
Q^ C (M,E), The vector space of all tangential F-currents of dimension fc on M 
will be denoted by fl^(M,E) and equipped with the weak topology. Transposition 
allows to define the tangential boundary map bp and the push forward by a proper 
foliated homomorphism. Hence, the tangential currents become a covariant functor 
from transversal vector bundles with proper foliated homomorphisms to topological 
graded codifferential R-vector spaces. The homology functor associated with 
the tangential currents is the tangential homology. Similarly, the tangential currents 
with compact support fl^ are dual to fij- and define tangential homology with 
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compact support H^. We always think of the trivial bundle E = K. if the E is 
omitted in the notation. 

Example 5.1. Let M p ' q be a foliated manifold with a transversal Riemannian 
metric and corresponding transversal volume volg. Let TM be oriented. Then 
real valued tangential p-forms are identified with densities and integration defines 
the closed tangential current j M — volg of dimension p on M . Moreover, the 
assignment u> i— > J M lu A — volg induces continuous maps 

IP-*{M, E*) -> H£ k (M, E), H^ k (M, ET) -> H[(M, E). 

Since tangential exterior differentiation is not a topological homomorphism in 
general, we consider the reduced tangential (co-)homology (with compact support) 
which is the maximal Hausdorff quotient of the corresponding (co-) homology space. 
By continuity of pull back we get new functors, denoted by H* Tl c , H£* and . 
Use the Hahn-Banach theorem and the theorem of bipolars to prove 

Proposition 5.2. The canonical maps 

B£(M, E) - H^ C (M, E)', H*,{M, E) -> H%{M, E)> 

are topological isomorphisms. □ 

6. Kunneth Maps 

Let E — > M p ' q and F — > N r ' s be transversal vector bundles and let E M F be 
the external tensor product. Consider the bilinear map 

- <g>- : n^(M, E) x fl*r(N : F) -> Q* r (M x N,EEl F), 
lj ® r := pr^ oj A pr^ t, 

where pr M an d V t n are the projections. A bilinear map 

- ® - : ftf (M, B) x fif (TV, F) -> ^f +i (M x N,E®F) 

is defined by the requirement that 

(5®T,w®t) = (-l) fc(r -' ) (S*,w)(T,r) 

for all a; £ f2^r c (M,£J) and r S c (iV, i* 1 ). Both maps restrict to compact sup- 
ports and descend to reduced (co)homology. Moreover, by linear disjointness with 
respect to — <8> — the induced maps 

H* H , c) (M,E)®H* HtC) (N,F) - H* H>c) {M x N,E®F), 
B[ C>> (M, E) ® H( Cth (N, F) -> ff£),(M x N, E M F) 

are one-to-one. In special cases we get more precise results for the nuclear coho- 
mology spaces. 

Example 6.1. Let M be foliated by points. Similar to Theorems 40.1 and 44.1 
of |16j one proves the topological isomorphisms 

r {c) (M,E)®Hp {tC) (N,F)^Hp {!c) (M xN,E®F). 
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Example 6.2. Let M be a compact foliated manifold with bundle-like metric and 
oriented tangential subbundle. Suppose we are given a transversal Riemannian 
metric in E, i.e. the corresponding section of E* <S> E* is foliated. Define the 
tangential star operator 

*r : Q k jr(M, E) -> tl p f k (M, E) 

by the requirement that uj A *jc-t = (w, t) voly for all u> £ fijr(M, E) and let 

S r := dr*? : n*+\M,E) -> ^(M,£). 

The tangential Laplacian of -E is the operator Ajf := cijr o 5^ + Sjr o and we 
write 

M${M,E) :=keTA^nn%(M,E) 

for the tangentially harmonic fc-forms. By adjointness with respect to the L 2 -inner 
product J M — A *f — volg we find J$?f(M, E) = kerdjr n ker<5jF hence a map 

Jtf£(M,E) -» Hp(M, E), 

which is an inclusion since *jro Ajr = Ajfo*^. It is a consequence of the tangential 
Hodge decomposition 

n*jr{M, E) = Jf£(M, E) © mTdJ 8 imfc, 

cf. ^ Corollary 1.3], that this is a topological isomorphism. Assume that N is a 
compact foliated manifold with bundle-like metric and oriented tangential subbun- 
dle, too. Let F — > N be equipped with a transversal Riemannian metric. Collecting 
the signs correctly we find the commutativity of the diagram 

flyr(M, E) <g> fl*jr(N, F) A ^ ®'d + id®A^ (g, fi*-(JV, F) 

(3) | 

A MXJV 

fi>(M x AT, £ El F) — > njr(M X N,EM F) 

Now consider the Hilbert spaces obtained by completion of differential forms with 
respect to the L 2 -product, which are denoted by a prefixed I?. By |31 Theo- 
rem 2.2], the tangential Laplacians define essentially selfadjoint unbounded oper- 
ators, so let E M (t), E N (t) resp., be the spectral families of Ajf, A^ resp. The 
operator ® id + id <£> A^ is essentially selfadjoint in the complete tensor prod- 
uct L 2 £l*f(M, E) <g> L 2 n*f(N, F) of Hilbert spaces. Its spectral family is given by, 
cf. [13 proof of Theorem 8.34], 

E(t) = G({z e C | U(z) + Q(z) < t}), 

where G is the complex spectral family defined by 

G(t + is) := E M (t) <g> id o id ®E N (s). 

The isomorphism 

L 2 fl*jr(M, E) ® L 2 Q*j,(N, F) S L 2 0>(M x N, E S F) 
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together with the diagram J2J allows to identify E as the spectral family of 
Since the tangential Laplacians are nonnegative we get a commutative diagram 

L 2 Sl^(M,E)»L 2 Sl^(N,F) eM W® e "( \ tfSl^M, E) $ L 2 il^{N, F) 



L 2 fl^(M X N,E®F) E(a) > L 2 Q*j:(M x N,EmF) 

By the decomposition of tangential forms there is an induced diagram 

fiJ-(M, E) ® £l}r{N, F) ® > J?*(M,E)®J?*(N,F) 



I 



fi>(M x N,EEF) — ^— ► J4?*{M x N,EMF) 
and we can replace ^ by _ff to find an isomorphism 

H^{M,E)®H^{N,F) = H* r {M x N,EEF). 

7. Regularization 

Let M p,q be a foliated manifold with a bundle-like metric in the foliated tangent 
bundle n : TM — » M. Denote by VTM the vertical subbundle of TT M and let i; c 
be the transversal density in VTM induced by the identification T^^M = V{TM . 
Let FM be oriented and let (\>t,v be a representative of the tangential Thorn class 
of M with support contained in FM(l/v). Let p^ : TM — > be the projection 
and define closed p-forms on TM by 

, . = P£ij^> Ai/M^- || - || g) 
7r*7r* (prj A eCll — ||q) «g) ' 

where g € C°°(R) is any nonnegative function with g(s) = 1 for s < 1/3, g(s) = 
for s > 2/3. Consider M x N, N := M, and let pr M and pr^y be the projections. 
Finally, let be an open neighborhood of the zero section in TM, such that 
(-7T, exp))^ is a foliated embedding. 

Suppose now we are given a transversal vector bundle E — > M with a foliated 
linear connection and recall the foliated homomorphism (exp, P) constructed in 
Example 14.11 Let K C M be compact and let U D K be a relatively compact 
open subset of M with closure L. If w £ ttj?(M, E; K) is a tangential form, then 
Proposition l3.4l implies that for large values of v the support of <j> v A (exp, P)*ui is 
contained in a compact subset of 7r _1 (L) D & . Consider this as a form on M x N 
to define 

R' v u := <\> v A (exp, P)*u vol Q . 

By compatibility with the differentials, there are induced linear maps 
R' v : H%{M, E- K) -> H%{M, E; L). 

Lemma 7.1. For each u £ H^(M, E; K) the sequence R' v oj converges to (—l) pk u> 
m H*(M,E;L). 

Proof. Pull back to the tangent bundle and combine a tangential homotopy argu- 
ment with a familiar estimate. □ 
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Let S be a tangential F-current of dimension k on M then for large v Proposi- 
tion EH allows to define 



R V S:= (S M ,^AP) 



as an element of fi^ (U,E*). Again, we get induced maps 



R v : H£{M,E) -» H*r K (U,E*). 

Lemma 7.2. For each S G H£(M, E) the sequence J M R„S A — volg converges to 
(—l) pk S in H^(M, E; K)' . 

Proof. For ui G H^(M, F; K) we find 

/ A cj vol Q = (5, R' v u) 

JM 

and the result follows from Lemma \l . II □ 

Conversely, let S be a tangential F-current of dimension k with support con- 
tained in K. Then for large v the form R V S has support in L by Proposition 13.41 
and consequently we get maps 

R v : B£(M, F; K) -> H p f k {M, E*;L). 

Similar to the above we have 

Lemma 7.3. For S G H^(M, E; K) the sequence J M R U S A — volg converges to 
(-l)J> k S in H k {M,E)'. ' ' □ 

This lemma together with Proposition 15 . 21 yields 

Theorem 7.4. The map HjT k (M, E*) — > H^(M,E)' associated with the integra- 
tion current has dense image. □ 

Assume the existence of e > such that TM(e) C % '. Then for large v the 
above definition yields maps 

R v : 3£(M,E) -> HPr k (M,E*) 

and one obtains Poincare duality. 

Theorem 7.5. For eac/i k the bilinear map 

I - A- vol Q : HjT k (M, E*) X EL% C (M, F) -> R 

JM 

is a dual pairing. □ 

Example 7.6. If M is compact an e > as above always exists. In the special 
case where Hjr(M, E) is finite dimensional we get an isomorphism 

H p ~ k {M, E*) = H%{M, E)' . 
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8. Product of Homology Classes 

Let M p ' q be a foliated manifold with a bundle-like metric, let TM be oriented 
and re- use the notations of Section [7| Let E and F be transversal vector bundles 
over M, where F is equipped with a foliated linear connection. Let S <E H^(M, E) 
and T S Bf(M, F), k + I > p, be given then for K C M compact 

(S, R„T A -} S Hp'^iM, E®F; K)' 

is defined for large values of v. If for each cohomology class r\ G H^^ P (M, E®F) 
the sequence (S, R V T A rf) converges we make the following 

Definition 8.1. The intersection product S »T oi S and T is the continuous linear 
form on H^ + '^ P (M, E ® F) given by 

S »T := lim (-l) p! (S,i?jA -). 

z/ — ►oo 

Example 8.2. Let w £ H p r k (M,E*) and r 6 H p f l (M,F*) be given, then the 
intersection product of the corresponding homology classes is defined and 

(^J ui A - volg^) • ^ t A — volg^) = y (uAt) A - volg . 

Example 8.3. Let the closed foliated submanifolds S 1 and T of M intersect fo- 
liatedly transversally, i.e. the inclusion of 5 is foliatedly transversal over T, and 
assume S n T ^ 0. If the leaves of S* have dimension k and those of T have di- 
mension I, then 5 H T is a foliated submanifold with leaves of dimension k + I — p, 
cf. Proposition ^. 41 The transversal Riemannian metric on M induces a transversal 
Riemannian metric on each submanifold and we get transversal Riemannian vol- 
umes on S, T and SdT. Assume TS and TT are oriented, then there is an intrinsic 
proceeding |5J (24.13.14)] to deduce an orientation for JT(STlT). Consequently the 
closed foliated submanifolds define tangential homology classes, again denoted by 
S, T and S fl T. A tangential homotopy argument followed by some estimation 
shows that the intersection product S • T is defined and 

S »T = (-i) fc (p-fc)+*(p-0^ . S n T, 
where h 6 H^(S fl T) is the closed function satisfying 

ft ■ vol e (5 fl T) ® volg (A/) = volg(S*) ® volg(T). 
By definition of the i?„ we have S • T — if S and T have empty intersection. 

9. Tangential Coincidence 

Let the foliated manifolds M p ' q and N r ' s , p > r, carry bundle- like metrics and 
let the tangential subbundles be oriented. Let E — > M and F — > A^ be transversal 
vector bundles and let 

(f,p):E^F, {g,a):E*^F* 

be foliated homomorphisms such that the graphs T f and T g intersect foliatedly 
transversally. Give T(M x N) the product orientation and Q(M x N) the product 
metric, orient a graph by demanding the graph map to be orientation preserving 
and Tj fl T g as in Section 03 Finally, equip Q(Tf fl F g ) with the metric induced 
by that on M x N and consider p, tr resp., as global foliated section of E\S F*\r f , 
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E* IEI F\r g resp. Let hf E Hj?(Tf) and h g € Hjr(T g ) be the closed functions such 
that 

i voi Q (r / ) = voi a (M) = -J- voi Q (r 3 ) 
ft/ % 

and let h £ H^(T f C\T g ) be defined by 

h ■ voi Q (r / nr g ) <g> voi s (Af x iv) = voi s (r/) ig>voi s (r s ). 

Definition 9.1. The tangential coincidence of (/, p) and (<?, cr) is the reduced 
homology class 

Coin^((/,p),(<7,<7)) := f {£- A A - h • vol Q 

Jr/nr s "/ "s 

inH^_ r (M x iV). 

Notice that the definition is arranged, such that by Example 18.31 
Com^((f,p),(g,a)) = (£- A T f ) • A T s ) 

if the bundles and -F are equipped with foliated linear connections. 

Example 9.2. If E — F and (<?, a) = id then T/ n T s consists of the images of the 
fixed points of / in the diagonal and the tangential coincidence is the distribution 

£ sgndet(id-^/) ^ .S M , 

f(a)=a 

where $( a ,a) is the Dirac distribution at (a, a). 

Example 9.3. Let again E = F and (g, a) — id and assume the foliated mani- 
fold M to be compact and foliated by points. Choose any linear connection in E 
then 

J Tt^Ru^ATf)) vol s i^U (Coin^((/,p),id),l) 

with A := Tid by Example 18.31 The left hand side is the trace of the smoothing 
operator defined by R v (^-ATf) and Lemma 1731 suggests to look at the right hand 
side as the trace of the operator defined by AT/. Since 

(f Ar /. w ® T ) = f wA(/,p)V vol Q 
for cj e r(M, E*) and r £ T(M, £7) this operator is the pull back by (/, p). 

Example 9.4. Let the positive real numbers R>o be foliated by points and equipped 
with the standard metric, let M — M>o x N, let 

g = pr N : R >Q x N -> N 

be the projection, let E = y>x* n F and let a be the identity in each fiber. If 

(f,p) = {<P,p)\m 

is the restriction of a global foliated flow on F, then the submanifold Tf P\T g has 
components 

R>o x {a} x {a}, 
where a is a fixed point of <fi, and 

H(7)} x {(&, 6) € iV x N | b € 7}, 
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v = 1,2 ... , where 7 is a periodic orbit with least positive period Z(t). Let pr R : 
M X iV — * K>o be the projection and assume ./V to be compact then pr K>0 * maps 
the tangential coincidence to the distribution on R>o given by 

£sgndet(id-^) / ^ • - 

^ Jr >0 I det (id -Qo 0*) I 

00 Tr(p' y/(7) ) 
+ Y, «7> g sgndetOd -^*'> |det(ld ^; M)| - 

where i a > and b~ f G 7 are arbitrary and 

is the endomorphism induced by Qb (p vl ^\ 

10. Coincidence Formula 

Let Mi be a foliated manifold which is foliated by points and let Mf ' 92 and iV p ' s 
be compact foliated manifolds with bundle-like metrics and oriented tangential 
subbundles. Let E2 — > M2 and F — > iV be transversal vector bundles with foliated 
linear connections and transversal Riemannian metrics, identify the bundles with 
their duals, write M := Mi x M2 and -E for the bundle W*m 2 E2 over M. Let 
(/, p) : E — > i* 1 be a foliated homomorphism. Now assume the reduced cohomology 
spaces Hp{M2, E2) and H^(N, F) to be of finite dimension. Then we can define a 
foliated homomorphism of trivial transversal vector bundles 

{f,p) K : Mi x H*(M 2 ,E 2 ) -► {0} X H£(N,F) 

by giving the section 

H*{N,F) ^H«{M2,E 2 )} 

T ^ io (i»* r J ' 

where j a : M2 — ► M is the inclusion map opposite a. This section is foliated, 
i.e. smooth, by the Kiinneth theorem 

C°°(Mi) ® fl>(M 2 , E 2 ) = #>(M, £). 

Now let (g,cr) : E — » i 7, be a second foliated homomorphism such that the graphs 
F / and T 9 intersect foliatedly transversally. With the duality of Example 17.61 we 
consider (g, a) p ~ K as a foliated homomorphism 

(g,a) p - K : Mi x ff£(M 2 ,£ 2 )* - {©} x H£(N,F)*. 

Having chosen a Riemannian metric on Mi the tangential coincidence 

(4) Coin^((/, P ) K , (g,ay- K ) = / ((/,p) K A (g,ay~ K ) ■ - vol s 

J Mi 

is a distribution on Mi x {©} = Mi, which is associated with a function. 
Theorem 10.1. Let pr M : M xJV-t Mi 6e i/ie projection, then 

pr Ml ,, Goin^((/, p), ( 5 , a)) = ^(-1) K Coin^((/, ( 5 , <rf 

in particular, the left hand side is the distribution associated with a function on M\. 
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Proof. For explicit calculation let (wf , . . . , ) be a basis of H^(M 2 , E 2 ) and let 
(w K ' 1 , . . . , uj K < a *) be the basis of H P ~ K {M 2 , E 2 ) satisfying 

w n,i K A w « vols = ^ 

M 2 

cf. Example 17.61 Similarly, let (rf , ■■ ■ ,t§ ) and (r"' 1 , . . . , t k ^ k ) be dual bases of 
H£(N,F) and H p f K (N,F) with 

A t£ vol Q = <S*« . 

The functions G C°°(Mi) should be the coefficients in the representation 

(/^)V re = E<^®< 

and we let y-'* K € C°°(Mi) be defined by 

i K 

Then we get 

(5) (f,p) H *(g,<rr- H = _E 

By the Kiinneth isomorphism 

Cf (Mi) ® H p - K (M 2 ,E % ) ® H«(N, F) -» fl£ iC (Af x JV, B IS F) 



we find the equations 



A r / = / EE (-l) p(p " K) <f ® < ® r"' k - A - vol s , 
JmxN « i,,*. 



f A r * = / EE (-W^ ® ® A - vol s 

"•a Jmxn k - j 

of reduced tangential homology classes, where the functions hf and h g are as in 
Definition 19. II Example 18.21 shows that 



(6) 



W Ml ,* Coinjr((/, p), (.9, cr)) = E(~ 1 ) K / E x kl K yi'* K ■ ~ vol S 



Now combine the equations JBJ, JSJ and to obtain the result. □ 

Remark 10.2. If we drop the assumption, that the graphs intersect foliatedly transver- 
sally, the equality 

is still valid. 



^ A F/) ' ( ^ A = Coin ^(/- pT> is, <y) p - K ) 



Example 10.3. If M\ = {©}, E 2 = F, (f 2) p 2 ) — id and r = we recover from 
Example 19 . 21 the classical Lefschetz trace formula 

E sgndet(id-r a /)Tr( Pa ) = E(-l) K Tr((/,p) K ). 

/(o)=0 K 
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Example 10.4. Let (/, p) be the restriction to K>o X N of a global foliated flow and 
let (g,cr) be the projection as in Example 19.41 Then with the notation introduced 
above for any t > we have 
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